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Four-dimensional dyonic Reissner-Nordstrom (RN) black hole is a solution of Einstein-Maxwell 
theory, which carries electromagnetic duality. It could be described holographically by two- 
dimensional conformal field theory (CFT) duals. By using the thermodynamics method, we identify 
two elementary CFT dual pictures, the electric one and the magnetic one, for the dyonic RN black 
hole. Moreover, we find that there are more general CFT dual pictures, generated by the SL{2, Z) 
transformations acting on two elementary pictures. We show that this 51/(2, Z) symmetry is exactly 
the electromagnetic duality of the Einstein-Maxwell theory. 
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INTRODUCTION 



One of central issues in quantum gravity is to under- 
stand microscopically the Bekcnstein-Hawking entropy 
of a black hole. In string theory this has been achieved 
[l[ for some kinds of supcrsymmetric Bogomol'nyi- 
Prasad-Sommerfield (BPS) black holes, whose entropy 
could be reproduced by counting the degeneracy of 
branes configuration. More precisely, the microscopical 
entropy is encoded in a two-dimensional (2D) confor- 
mal field theory (CFT), whose target spacetime is the 
moduli space of the branes configuration. Such kind 
of counting has been generalized to near-extremal and 
even non-extremal cases. In particular, for a class of 
five-dimensional (5D) and four-dimcnsional (4D) non- 
extreme multicharged black holes, their entropies could 
be written in an U-dual invariant form [3, [3. Actually, 
even for the simplest case, there exist more than one 
dual pictures 01, the so-called long-string and short- 
string pictures, to describe the black hole. The exis- 
tence of multiple holographic pictures indicates the un- 
derlying symmetry of the string theory. 

In the past few years, the holographic 2D CFT de- 
scriptions of usual 4D rotating and charged black holes, 
which could not be embedded into stringtheory in a 
simple way, has been proposed and tested @ . In this 
so-called Kerr/CFT correspondence, people use com- 
pletely different techniques, including the asymptotic 
symmetry group (ASG) analysis for the near horizon 
geometry of extremal black hole and the hidden 
conformal symmetry in the low-frequency scattering off 
the non-extreme black hole iQ], to investigate the holo- 
graphic dual of the black hole. As these techniques 
have nothing to do with string theory or supersym- 
metry, they have been widely applied to many other 
kinds of black holes. Among them, the study on 4D 
Kerr-Newman and 5D Myers-Perry black holes is re- 
markable [7-lI|. For each one of these two cases, there 
are multiple holographic pictures, which are generated 
by SL{2, Z) transformations acting on two elementary 



ones. For example, for the 4D Kerr-Newman case, there 
are elementary J-picture based on the U{1) rotation 
and elementary Q-picture based on U(l) gauge symme- 
try d, [1^ , from which the more generic pictures could 
be generated. This SL{2, Z) group originates from the 
modular group of torus in the uplifted 5D metric [11 1 . 



Very recently, the Kerr/CFT correspondence was in- 
vestigated from the point of view of thermodynamics 
T3-14|. From the first laws of thermodynamics of both 
the outer and inner horizons, one may compose the first 
laws of thermodynamics of a left-moving and a right- 
moving sectors. It turns out that these two sectors dif- 
fers from the left-moving and right-moving sectors of 
dual CFT only by a scale factor. The scale factor could 
be determined from the first laws by considering the ba- 
sic "quantized" unit of perturbation. In such a way, all 
the information of the dual CFT, including the temper- 
atures and the central charges, could be read out easily. 
This method is remarkably effective, though intriguing. 
It not only has reproduced successfully the holographic 
pictures in well-established black hole/CFT correspon- 
dence [l2| , predicted the holographic picture of doubly- 
rotating black ring [l3|, but also helped to clarify the 
puzzles in RN/CFT correspondence [ij]. Moreover, it 
allows us to read elementary CFT duals of the black 
hole in a simple way, and generate more generic dual 
pictures straightforwardly. 

In this letter, we investigate the holographic pictures 
of dyonic RN black hole in 4D Einstein-Maxwell theory, 
using the thermodynamic method. This black hole car- 
ries both electronic and magnetic charges. Correspond- 
ingly, it has two elementary holographic pictures, the 
electric and magnetic pictures as we call. Using the first 
laws of thermodynamics, wc may generate other holo- 
graphic pictures by acting an SL(2, Z) transformation 
on the elementary pictures. Unlike 4D Kerr-Newman 
or 5D Myers-Perry black holes, this SL(2, Z) cannot 
be explained geometrically. Here we show that it origi- 
nates from the electromagnetic duality of the Einstein- 
Maxwell theory. 
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DYONIC REISSNER-NORDSTROM BLACK 
HOLE 

The dyonic RN black hole is a solution of the 
Einstein-Maxwell theory with the action / = Ieh + 
I EM- Ieh is the Einstein-Hilbert action 



Ieh = TTTT^ [ d'^xy/^R, 
167rG4 J 



(1) 



and Iem is the action of Maxwell theory in a curved 
background 



Iem = -77— 



-9 



(2) 

with * being Hodge duality. We set c = ft = 1, G4 = 
and use Gauss convention. To fully capture the features 
of electromagnetic duality, we have included the 0-tcrm 
in the action. We may combine the two real coupling 
constants into a complex coupling parameter 



2ti e2' 

The metric of the black hole is of the form 



dsl = -N^dt^ 



+ grrdr^ + r^{dd^ + 1 



(3) 



(4) 



with 



grr r 7-2 

Here AI is the mass of the black hole, and 



Q=Ql + Q 
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m ' 



(5) 



(6) 



with Qe,m being the electric and magnetic charges re- 
spectively. As there is no globally well-defined gauge 
field for a dyon, we need to introduce two gauge fields 
to cover the whole spacetime manifold 

An s ^ '—dt + Q,n{coseTl)d(j). (7) 
r 

The upper minus sign applies to the north half-sphere 
and the lower plus sign applies to the south half-sphere. 

The horizons locate at r± = GaM±^GIM^ - G^Q^. 
The entropy product of the outer and inner horizons is 



S+S- 
47r2 



(8) 



which is mass-independent. 

There is an electromagnetic duality in the action ^ , 
which could be recast as 

Iem ! d'^x^lmTf^.g^", (9) 



with = e{F^y 4- i * G^^y = tJ"^^. Under the 

SL{2, Z) transformation 



G' 



7 S J{t^, J' 



(10) 



with Q!,/3,7, 5 g Z and ad — P"/ = 1, the action is in- 
variant. From G'fj,i, ~ t'F'^i, it is easy to see that t 
transform as 



(11) 



7r 4- (5 ' 



which is the feature of the electromagnetic duality. Cor- 
respondingly the charges transform as 



(12) 

Due to Witten's effect [l5|, the electric and the mag- 
netic charges should be 



Qe 



Nee - TV, 
e 



ee_ 



with TVe.m being integers and transforming as 



a P 
7 5 



It can be verified easily that the quantity 

Imr 



(13) 



(14) 



(15) 



is invariant under the above SL(2, Z) transformation. 
Therefore the dyonic black hole geometry Q does not 
change under the transformation of the electromagnetic 
duality. In other words, the geometry is the solution 
of different theories, which have different coupling con- 
stants and gauge potentials but are related to each other 
by the electromagnetic duality. This fact suggests that 
the dyonic black hole could be studied from the points 
of view of different theories, leading to different dual 
pictures. 



DYONIC RN/CFT CORRESPONDENCE 

For the dyonic RN black hole (|4]) , it has the first laws 
of thermodynamics at the outer and the inner horizons 

dM = T+dS+ + n^dNe + il+dN^ 

= -T^dS- + nidNe + nZ'dNm- (16) 

Here M is the mass of the black hole, T±, S± are the 
temperatures and the entropies of the outer and the 
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inner horizons. N^.m are two integer- valued charges re- 
lated to Qe,m through p3)) . and fi^™ are their corre- 
sponding intensive quantities at the outer and the inner 
horizons. As clarified in jl4| . the quantization condition 
is essential to set up the holographic dual without am- 
biguity such that the integer-valued quantities Ne and 
Nm have been used in the above relations. It could 
be proved that the first law of the outer horizon always 
indicates that of the inner horizon, under reasonable as- 
sumptions jl2l |. and if 1+5+ = T-S- is satisfied, then 
the entropy product S+S- is mass-independent. For 
convenience, one can define an entropy-product func- 
tion 



with J-' being a function of the charges N, 
After making the combinations 16l4l8| 



m our case. 



Sb.,l 



(18) 



R 



2(T_ 



T+ni 



2(T_ - T+) 



we can rewrite the first laws of the outer and inner hori- 
zons as the ones for the right- and left-moving sectors 



-dM = TrcLSr + n%dN^ + rf^dNrr 



(19) 



Keeping Nm invariant, i.e. considering the perturbation 
of the type {dNf., dNm) = dNe{l, 0), from the above first 
laws we could get 



dN, = 



Tr 



ilfj ill 



-dSr - 



-dSf 



(20) 



Now we can read the information of dual CFT. There 
are two remarkable facts on the above manipulations: 

1- Su^L h^ (UHl) are exactly the entropies of the riglit- 
and left-moving sectors of CFT dual to the black 
holelUli^; 



2. Keeping Nm invariant, we have the N,, picture, 
i.e. the electric picture. There is the first law of 
thermodynamics 



dN, = TldSL - ndSn, 



(21) 



with Tfi ^ being exactly the right- and left-moving 
temperatures in the dual CFT[12l Il4|. 



We assume that the CFT entropies could be reproduced 
by the Cardy formula 



S 



(22) 



from which we may derive the central charge. It could 
be shown easily that if !F is mass-independent then the 
right- and left-moving sector central charges must be 



equal c|j. 



We substitute S± = Sl± Sr into ^ 



and take variations on both sides of the equation while 
keeping Nm invariant, then we get 



dN, 



SLdSL — SRdSR 
2^ ■ 



(23) 



(17) 

From the above equation, using the first law ([2T|). the 



Cardy formula 



and the fact that 
dJ' 

6ttt^ = 6eQeQ^. 



c\, we find 



dN,, 



(24) 



These are the central charges of dual CFT in the electric 
picture [2lj. Similarly, we could keep A^e invariant and 
obtain the Nm picture, i.e. the magnetic picture, in 
which the dual CFT is of the central charges 



^R,L 



6 



dNm 



eQc 



2tt 



(25) 



The relation between the entropy-product function J-' 
and the central charges is remarkable. For more general 
case, there is always the relation [2^ 



6 



ON' 



(26) 



Here Ni is one of the integer- valued charges appearing 
in the first laws, and could be angular momentum, or 
other conserved U{1) charges. 

There is a simple way to understand the above el- 
ementary pictures. Actually the relation (fT9|) tells us 
how the black hole responds to various kinds of the 
perturbations. If we just consider the perturbations 
carrying only the electric charges, or more precisely 
{dNe,dNm) = dNe{l,0), the corresponding first law 
([21]) gives us the temperatures ^ and then the cen- 
tral charges Cr in the electric picture. On the other 
hand, we may consider the perturbations carrying only 
magnetic charge, say {dNe, dNm) = dNm{0, 1), the first 
laws help us to read the magnetic picture, in which the 
CFT is of temperatures T]j'^ and central charges . 
In general, we may consider the dyonic perturbations 
of the type {dNe, dNm) = dN{a, b), with a, b being two 
coprime integers, then from the first laws ([T^ we could 
get 



-dM = TRdSR + n^dN 



ndSL + n^dN, 



(27) 
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with the intensive quantities conjugate to the integer- 



valued N being fi^ ^ = afi^ ^ + bil^j^. Using the sim- 
ilar method, we can easily get the dyonic picture, or 
(a, b) picture, in which the CFT is of the central charges 



-R,L 



be 



R,L- 



(28) 



According to Bezout lemma, for every pair of coprime 
integers a, b there exists other pairs of coprime integers 
c, d so that ad — be = 1. Thus the (a, &) picture CFT 
could be viewed as being generated from two elementary 
(1,0) and (0,1) pictures by a SL{2,Z) transformation 



^R,L 
~-R,L 




-R,L 
.(0,1) 



e SL(2,Z). 



In short, for the same dyonic RN black holes, there 
are many holographic descriptions, labeled by a pair 
coprime integers (a, 6). These pictures are based on 
two elementary pictures and related to each other by 
SL{2, Z) duality. Unlike the 4D Kerr-Newmann or 5D 
Myers-Perry black holes, this SL{2, Z) could not be ex- 
plained as the modular group of a two-torus. It has 
other interesting and profound origin. 



SL{2, Z) AS ELECTROMAGNETIC DUALITY 

Using the electromagnetic duality there is another 
way of generating different CFT dual pictures. For a 
given dyonic black hole, we could describe it in dif- 
ferent gravity theories, i.e. different Einstein-Maxwell 
theories, which are related by the electromagnetic du- 
ality. We begin with an Einstein-Maxwell theory de- 
scribing the black hole with the electric and the mag- 
netic charges given by (|13|) , then we have the elementary 
(1,0) and (0,1) CFT pictures with the central charges 
p4)). ((25|) . Let us change the Einstein-Maxwell theory 
by an 5*^(2, Z) duality described before 



7T + (5 ' 



a /3 
7 S 



(29) 



Then we get a gravity theory whose (1,0) picture central 
charges are 



=6e'ge'Q^ 



(30) 



Note that there is no prime in because it is SL{2, Z) 
invariant. From the transformation (jl2p . we get the 
central charges 



SeQe - 7 ( — - eQe-^ 
e 2tt 



(31) 



Comparing the results with (j28p . we find that we could 
get the same CFT picture by setting (5 = a, 7 = —b. 



We stress that (|28|) and (1311) were obtained inde- 
pendently from two apparently different ways. The 
former was got by the SL{2, Z) duality on the CFT 
theories, while the latter was got from the electro- 
magnetic duality of the gravity theories. However it 
turns out the SL{2, Z) duality in (^5)) originates from 
the electromagnetic duality in the gravity theory. Let 
us consider the dyonic (a, 6)-type perturbation with 
{dNe,dNm) = dN{a,b) in the original theory. After 
the SL{2, Z) transformations ([29]) with 



a 13 
7 S 



d — c 
—b a 



(32) 



we have [dN^' ,dNm') = (iiV(l,0) which is just a (1,0) 
type perturbation in the "new" theory. Consequently 
from "new" theory point of view we have a (1,0) picture 
of the central charges from ([5T|) . in exact match with 



Furthermore, the electromagnetic duality in the grav- 
ity theory allows us to read the central charges by up- 
lifting the solution to five dimension. For the gauge 
potential with both electric and magnetic charges, it is 
not clear how to uplift the metric. However, using the 
duality, it is always possible to consider the configura- 
tion in a theory with only pure electric field. In this 
case, the metric and gauge potential may be uplifted to 
a 5D metric, from which the central charges could be 
computed [1J|. 



CONCLUSION AND DISCUSSION 

In this letter we investigated the CFT duals of the 
four-dimensional RN black hole. It turned out that the 
electromagnetic duality played a subtle but important 
role in setting up generic holographic CFT duals of the 
black hole. It allowed us to study the same black hole 
background from different gravity theories, and find dif- 
ferent pictures related to each other by the duality. 

In four-dimensional Einstein-Maxwell gravity theory, 
there is dyonic Kerr-Newman black hole, which car- 
ries not only electric and magnetic charges but also 
angular momentum. From thermodynamics method, 
there seem to be three elementary pictures, from which 
the general dual pictures could be generated through 
SL{3, Z) transformations. This SL{3, Z) group could 
be understood as a kind of U-duality, combining the 
modular group of two-torus and the electromagnetic du- 
ality group. It would be interesting to understand this 
duality group more clearly. 

The notion of electromagnetic duality is new in the 
context of 4D Einstein-Maxwell theory, but is well- 
known in string theory The study in this paper 
indicates that the duality in the holographic descrip- 
tions of the black holes could be related to various du- 
ality in string theory. It has been found in 0, Q that 
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there are classes of black holes whose entropies could be 
written as U-dual invariant forms. This suggests that 
these black holes should have multi-fold holographic du- 
als. It would be interesting to understand these duals 
more clearly from thermodynamics points of view 22 1 . 
On the other hand, even though the thermodynamics 
method is quite effective and robust, it deserves more 
investigation from microscopical point of view. We ex- 
pect that string theory may shed light on this issue. 
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